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Abstract. We consider the unperturbed operator Hq := (— iV — A) 2 + W, self-adjoint 
in L 2 (R 2 ). Here A is a magnetic potential which generates a constant magnetic field b > 0, 
and the edge potential W is a non-decreasing non constant bounded function depending only 
on the first coordinate x £ R of (x,y) S M 2 . Then the spectrum of Hq has a band structure 
and is absolutely continuous; moreover, the assumption lim x ^ 00 (W (x) — W(—x)) < 2b implies 
the existence of infinitely many spectral gaps for Hq. We consider the perturbed operators 
H± = Hq ± V where the electric potential V € L°°(]R 2 ) is non-negative and decays at infinity. 
We investigate the asymptotic distribution of the discrete spectrum of H± in the spectral gaps 
of Hq. We introduce an effective Hamiltonian which governs the main asymptotic term; this 
Hamiltonian involves a pseudo-differential operator with generalized anti-Wick symbol equal 
to V. Further, we restrict our attention on perturbations V of compact support and constant 
sign. We establish a geometric condition on the support of V which guarantees the finiteness 
of the eigenvalues of H± in any spectral gap of Hq. In the case where this condition is violated, 
we show that, generically, the convergence of the infinite series of eigenvalues of H + (resp. HJ) 
to the left (resp. right) edge of a given spectral gap, is Gaussian. 
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1 Introduction 

The general form of the unperturbed operators we are going to consider in the present 
article and its eventual second part, is 

Hq = H (b,W) :=-—+( -i—- bx) +W(x). 



dx 2 \ dy 

Here b > is the constant magnetic field, and the edge potential W G L°°(R;R) is 
independent of y. The self-adjoint operator Hq is defined initially on C^°(IR 2 ) and then 
is closed in L 2 (IR 2 ). Let J 7 be the partial Fourier transform with respect to y, i.e. 



k) = (2tt)^ 1/2 f e- iyk u{x, y)dy, u E L 2 
Jr 
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TH^T* = / h(k)dk 



Then we have 



where the operator 

d 2 

h(k) := -— + (bx - kf + W(x), keR, 
dx z 

is self-adjoint in L 2 (R). For w G L 2 (R) and k G K set (rfctf)(x) := w(x — k/b). Evidently 
Tfc is a unitary operator in L 2 (IR), and we have r^h(k)r k = h{k) where 

d 2 

h(k) := -— + b 2 x 2 + W(x + k/b), keR. 
dx 2 

Evidently, for each fceR the operator h(k) (and, hence, h(k)) has a discrete and simple 
spectrum. Let {Ej(k)}'^ l be the increasing sequence of the eigenvalues of h(k) (and, 

hence, of h{k)). The Kato analytic perturbation theory [13] implies that Ej(k), j G N, 
are real analytic functions of k G M. When we need to indicate the dependence of Ej(k) 
on b and/or W, we will write Ej(k; b, W) or Ej(k;W) instead of Ej{k). Note that if 
W = 0, then the eigenvalues are independent of k, and their explicit form is well-known: 

Ej(k; b, 0) = Ej(b, 0) = b{2j - 1), k G E, j G N. 

Further, 

CX) 

a(H ) = \jE~(Wj. (1.1) 

i=i 

In the present article we will consider monotone W. For defmiteness we assume that 
W is non-decreasing. Then the band functions Ej, j G N, are also non-decreasing, and 
a(H ) = {J°° =1 {£-,£;} with 

£t = lim EAk) = b(2j - 1) + W-, £+ = Mm EJk) = b(2j - I) + W+, (1.2) 



W_ := lim W(x), W+ := lim W(x). 



x—>—oo 



(see Proposition 12. II below) . Throughout the article we assume that W- < W+, i.e. W 
is not identically constant. Hence, £j < £j~ for each j G N, which implies that the 
spectrum of H is absolutely continuous. Moreover, we will assume that 

W+ - < 2b. (1.3) 

Then we have 

£+<£i +1 , j g N, (1.4) 
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and the intervals (£j~ ,£7 +1 ), j G N, are open gaps in the spectrum of H . Thus all the 
bands in the spectrum of H are separated by gaps where discrete spectrum may appear 
under appropriate perturbations. 

The perturbations under consideration will be electric potentials V : M 2 — > K which 
are A-compact. A simple sufficient condition which guarantees the compactness of the 
operator V(— A — is 

V G L™(R 2 ) := {u G L°°(R 2 ) | u(x, y) -> as x 2 + y 2 -> oo}. 

By the diamagnetic inequality, the operator V(i/o ~~ is a ls° compact, and hence 

oo 

a css (# + V) = a css (Ho) = \J[£7,S+]. 

j'=i 

For simplicity, we will consider perturbations of definite sign. More precisely we will 
suppose that V > 0, and will consider the operators H± := H ± V . Note that in the 
case of positive (resp. negative) perturbations, the discrete eigenvalues of the perturbed 
operator which may appear in a given open gap of the spectrum of the unperturbed 
operator, may accumulate only to the left (resp. right) end of the gap. 
In order to give a more explicit formulation of the problem, we need the following 
notations. Let T be a self-adjoint linear operator in a Hilbert space. Denote by Po(T) 
the spectral projection of T corresponding to the Borel set OCR. For A > set 

A^T(A) ^rankP^^^). 

Next, fix j G N and assume that (II. 3ft holds. Pick A G (0, £7 +1 — £j~), and set 

A/r(A) := rankP (£ + j£7+i _ A) (i7_), A^ + (A) := rankP (£ + +A>£ - +i) (# + ). 

We reduce the investigation of the accumulation of the discrete eigenvalues to the edges 
of the gap , £j + ^) of its essential spectrum, to the study of the asymptotic behavior 
as A J, of the counting functions Af^(\). 

The investigation of the asymptotic behavior of the discrete spectrum of perturbed an- 
alytically fibered quantum Hamiltonians, lying in the gaps of the essential one has a 
long history. Probably, the first results of this type were obtained for the Schrodinger 
operator with periodic potential perturbed by a decaying one (see e. g. [271 EH l20| [25]). 
Recently, similar problems have been considered for perturbed 2D magnetic Hamilto- 
nians [I], and for Dirichlet Laplacians in twisted wave-guides [3]. The common feature 
of the above cited articles is that the edges of the gaps in the spectrum of the unper- 
turbed operator coincide with the extremal values of the band functions taken at local 
non degenerate extrema; in this case the arising effective Hamiltonian is a differential 
Schrodinger type operator. In the present article the edges of the gaps are the limiting 
values of the band functions Ej(k) as k — > ±oo. The effective Hamiltonian which arises 
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in this case involves a "kinetic" part equal in the momentum representation to the mul- 
tiplier by Ej, and a "potential" part which is a pseudodifferential operator (\&DO) with 
contravariant (generalized anti-Wick) symbol equal to V. These \l/DOs are unitarily 
equivalent to the Berezin-Toeplitz operators which appear as effective Hamiltonians in 
the study of compact perturbations of the Landau operator (see e. g. [I2J 122]). Note 
however that in the case of the Landau operator (which is equal to H with W = 0) the 
effective Hamiltonian has no kinetic part. 

The article is organized as follows. In Section [2] we describe the basic spectral proper- 
ties of the unperturbed operators which we need in the sequel. In Section [3] we introduce 
the effective Hamiltonian appropriate for the asymptotic analysis as A J, of the func- 
tion A/^(A) with fixed j G N. Our effective Hamiltonian approach allows us to consider 
various types of W and V which satisfy the assumptions stated above. Nonetheless, the 
rest of the article is dedicated to the case where V G Lg°(IR 2 ; E) has a compact support. 
This choice is motivated by the possible applications in the theory of the quantum Hall 
effect (see e. g. [HI EH G3), and, on the other hand, by the spectacular progress in the 
investigation of the discrete spectrum for localized perturbations of the Landau Hamil- 
tonian H (b, 0) (see e. g. [221 E2 El 13 123 EH EE])- For definiteness, we suppose that 
V > and discuss only the behavior of the counting functions A/^ + (A), j G N, near the 
lower edges of the spectral gaps; in the case V < the behavior of Af~(\) near the upper 
edges is analogous. In Section 2] we establish a sufficient condition of geometric nature 
which guarantees that all the functions A/^ + (A), j G N, remain bounded as A 4- 0, i.e. 
that there is a finite number of eigenvalues of H + in any gap of its essential spectrum. 
When this sufficient condition is violated, we show that for any j G N the functions 
J\fj~(\) generically blow up as A J, 0. More precisely, in Section [5] we reduce the analysis 
of A/^ + (A) to counting functions for operators in holomorphic spaces. These operators 
are studied in Section E] in order to establish a lower asymptotic estimate 

C_| lnA| 1/2 (l + o(l)) < A/"/(A), A 4,0, j G N, (1.5) 

with C_ > which holds when the sufficient condition of Section [4] is not fulfilled, and 
an upper asymptotic estimate 

■A/"/ (A) < C+\ In A| 1/2 (l + o(l)), A |0, j'gN, (1.6) 

with C + > C-. Note that the constants C± in ( II. 5p and (II. 6p admit a clear geometric 
interpretation and are independent of j G N. Thus, in the case of infinitely many 
eigenvalues in any given gap, the main asymptotic term of A/^ + (A) is expected to be of 
order | In A | 1//2 which, loosely speaking, corresponds to a Gaussian convergence of the 
discrete eigenvalues to the edges of the gaps of the essential spectrum. This behavior is 
different from the case of compactly supported perturbations of the Landau Hamiltonian 
where typically we have 

■^ +(A) ~ hTT^AT' A|0 ' JGN ' (L7) 
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(see e.g. [22]). Hopefully, in a future work we will attack the problem of finding the 
main asymptotic term as A 4- of A/j t (A), j G N. 

2 Basic spectral properties of Hq 

In the following proposition we consider the general properties of the band functions Ej, 
j G N. By analogy with the operator h(k), introduce the shifted harmonic oscillator 

d 2 

hoc :=-- r ^ + b 2 x 2 + W+, 
ax z 



which is self-adjoint in L 2 (R), and essentially self-adjoint on C{ 

Proposition 2.1. Assume that W is non- decreasing and bounded. Then for each j G N 
the eigenvalue Ej(k) is a non- decreasing function o/fcGR, and (jl.2p holds true. 

Proof. The fact that Ej are non- decreasing bounded functions of k follows directly from 
the mini-max principle. Let us prove ( 11. 21) . Pick E > —b — Then for each k G M 
we have -E <b + W- < vnia(h(k)). Moreover, —E <b + W + = inf cr(/i 00 ). Then, 

\(Ej(k) + E)~ l - (b(2j - 1) + W + + E)- l \ < 

\\(h(k) + E)~ 1 (W + - W{- + k/b))(hoo + E)-^ < 

\\(h(k) + Er 1 \\\\(W + - W(- + k/b))Choo + E)' 1 ]]. (2.1) 

Moreover, 

\\(h(k) + E)- 1 ]] < (E + b + W-)~\ (2.2) 

and the r.h.s. is fc-independent. Further, the multiplier by (W + — W(- + k/b)), xel, 
tends strongly to zero as k — > oo, while the operator (/i^ + E)" 1 is compact and k- 
independent. Hence, the operator (W+ — W(- + A;/6))(/i 00 + E)' 1 tends uniformly to 
zero as k ->• oo. Now, (12. ID - ( 12.2ft imply 

lim {EAk) + E)- 1 = (6(2j -1) + W+ + E)~\ j e N, 

fc— >oo 

which yields the second limit in (11.21) . The first one is proved in the same manner. □ 

Our next theorem will play a crucial role in the construction of the effective Hamilto- 
nian introduced in the next section. For its formulation we need the following notations. 
Fix fceM and j G N denote by M 3 x H- ipj(x; k) G M the eigenfunction of the operator 
/i(/c) which satisfies 

h{k)ijjj{x\ k) = E^k^ix; k), ||^(-; fc)|| £a(R) = 1. (2.3) 

Set 

7r i (fc):=(.,^ i (.;A;))^(.;A;), (2.4) 
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where (•, •) denotes the scalar product in L 2 (R). Evidently, iTj(k) is a rank-one orthog- 
onal projection acting in L 2 (R). 

Fix jeN and fcel, and denote by R 3 x \— > ipj tOQ (x; k) G R the eigenfunction which 
satisfies 

- ipj,oo(x; k)" + (bx - k) 2 ip jjOQ (x; k) = b(2j - i)i[)j t00 (x; k), HV'i.ooCs ^)IU 2 (K) = 1- ( 2 -5) 

The functions ^ j00 , j G N, admit a simple explicit description. Let ^ be the real- valued 
eigenfunction satisfying 

-<f"(x) + X 2 (p(x) = (2j - l)<Pj(x), \\<Pj\\l?Qg) = 1. 

We have 



where 



o d q ■> 

E g (x) : = (-l)V — e~ x , x G R, q G Z H 



are the Hermite polynomials. Then 

iP ji00 (x;k) =b 1/ *(p j (b 1/2 x-b- 1/2 k), j G N, x G R, fc G R. (2.7) 

Put 



Note that we have 



^(x; i) = pf (-fc)J- 1 e-<'-" 2 '-''"*> 2 / 2 (l + (1)) (2.9) 
as fc — > oo, uniformly with respect to x belonging to compact subset of R. Set 

Kj,oo(k) := (■,ip jt00 (-;k))'ip j}00 (-;k). 
Theorem 2.2. F«a; j G N. TTien w;e have 

lim (£+ - ^(fc))" 1/2 ||7r ii00 - 7Tj(A;) ||i = (2.10) 



k— >oo 



where ||T||i denotes the trace-class norm of the operator T. 

We will divide the proof of the theorem into several lemmas and propositions. 
Set 

4>j{x;k) := ^(x + b^k^k), x G R, keR, j G N, 
(see ( 12 .3p for the definition of the function ^). Evidently, 

h(k)4>j(x; k) = Ejityipjix; k), ||^(-; fc)IU 2 (R) = 1. 



By analogy with (12.41) put 

Kj(k) := (-, ^.(.; fc), fceM, j G N. 

Similarly, set 

Tpj,oc(x) ■= b 1/4 cpj(b 1/2 x), iel, j e N, 
(see (12.61) for the definition of the function ipj). Then 

hoo1pj,oo(x) = £/4>j,oo(x), feoolU^R) = 1. 

Put 

%oo := (-,^,00)^,00, j e N. 

Since we have 

T k TTj(k)T^ = 7ij(k), r fc vf ii00 r fc * = n jjOQ (k), k e R, j 6 N, 
relation ( 12 . 1 0[) is equivalent to 

lim (5+ - E 3 (k)y 1/2 \\7T j>00 - n^lU = 0. (2.11) 
For zGC \ (ct^) \ {£/}) set 

Similarly, for zgC \ (<t(/i(A;)) \ {£#)}) put 

:= {h{k)~ zY 1 ^ -ix^k)). 

Set 

t4(x) := W+- W{x + k/b) = h 00 -h{k), xeR, keR. 
Proposition 2.3. We have 

nj,oo = vt - jt ooTi j(k) - nj i00 U k Rf(£f) = 7tj(k)Tt jtO0 - Rj-(£f)U k Ttj >00 , (2.12) 

n,(k) = TTj^oc + Kj(k)U k Roj(Ej) = Tfj j00 7Tj(k) + R^E^U^k). (2.13) 
Proof. We have 

= ^j,oo^j(k) + nj i00 (hoo -£j - U k ){h(k) - - 

Since vrj i0 o(^oo — £/) = 0, we obtain the first equality in (12.121) . The second equality is 
obtained by taking the adjoint. In relations (12.131) we have only exchanged the role of 
h(k) and h^. □ 
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Set 

1/2 



$j(k) = $j(k; W) := (J U k {x)$ jj00 {x) 2 dx^J , keR. (2.14) 
By the dominated convergence theorem we have lim^+oo &j{k) = 0. Note that 

$j(k) = (Tr7f ii00 f/ fc 7r ij00 ) 1/2 = ||7fj.oo^fc /2 Hi = ||£4 1/2 ^',°c||i = ll%oo^ fe 1/2 || = \\Ul /2 rrj,oo\\- 

(2.15) 

Corollary 2.4. Fix j G N. Then we have 

Ifeoc - ^j(k)\\i = o($j(k)), k^oo. (2.16) 
Proof. By (|2~T2|) and (|2~T3|) we have 

TTj.oc - 7fj(A;) = -Tt ji00 U k Rf(£f) - Rtj(Ej)U k ir jt00 + /.'„ , (/•.', )/'/,( ~ ; X - 7r,-(A;)), 

i.e. 

(/ - R^(E,)U k )(n JiOQ - 7Tj(k)) = -7t j;QO U k Rf{£+) - ; (/^)r,~, N . 

Since s — lim^oo U k — and the operator R^ -{Ej) is compact and uniformly bounded, 
we have lim^oo 1 1 i?^- (.&,•) £4 1| = 0. Therefore, the operator I — RQj(Ej)U k is invertible 
for sufficiently great k, and for such k we have 

7r,-,oc - ^-(fc) = -(/ - R^ j (E j )U k )- l (7t j>00 U k Rf(£+) + R^(Ej)U k 7t j>00 ). 

Therefore, 

ll^,oo - ^-WIU < ||(x - ^-(^-)c/> fc )- :L ||(||c^ /2 ^(^)|| + ll^-C^O^^IDII^oo^ 72 !!!. 

(2.17) 

Arguing as above, we easily find that 



lim = lim \\RUE 3 )U^\\ = 0. (2.18) 



Now the combination of f[2~TTj) . (l2~T8l) . and (12~T5|) implies (123511 . □ 
Proposition 2.5. VFe Ziawe 

£f-Ej{k) = $j(fc) 2 (l + o(l)), &->oo. (2.19) 
Proof. Assume /c large enough. Evidently, 

£. + = Tr/iooTTj oo = --'-Tr / h^h^ - u^du = --'-Tr / u(hoo - u^du 
J 2m J v . 2m J r . 
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where Tj is a sufficiently small circle run over in the anticlockwise direction which 
contains in its interior Ej(k) and £j~ but no other points from the spectra of h(k) and 
h^. Similarly, 

EAk) = — — Tr I u(h(k) - uT l du. 

Therefore, 

£+ - EAk) = — — Tr / u ((hoc - to)' 1 - {h{k) - to)- 1 ) dco = 
2m J r \ J 



2m 

Applying the Cauchy theorem, we easily get 



— Tr / uih^ - uj)~ l U k {h(k) - u)~ x du. 
™ Jv 4 



(2.20) 



/ ufooo-u) 1 U k (h(k)-uj) 1 du 
2m J r 



^ooUkfjik) - £+n jt00 U k Rj-{£+) - EjRqj (Ej) U k Ttj (k) . (2.21) 
Comparing (I2.20p and (12.211) . and bearing in mind (12.151) . we obtain 

£+ - E^k) - = 

Tr iTj t00 U k (7tj(k) - 7f i)0O ) - £+Tr:Tr j>00 U k Rf(£+) - Ej Tr (Ej)U k TTj(k). (2.22) 

In order to complete the proof of (12.191) . it remains to show that the three terms on the 
r.h.s. of (I2.22P are of order o(§j(k) 2 ) as k — > oo. 
First, we have 

\^TT ji00 U k (7T j (k) -#j,oo)| < ll%oo^" fc 1/2 ||||^fc 1/2 ||||7ri(A;) - fj.oolll = °(^j( k f)^ k ~* OO, 

(2.23) 

I/O 

by (I2.15p . (I2.16p . and the fact that \\U k || is uniformly bounded with respect to k 6 R. 
Next, using the trivial identities 7Tj i00 = 7r| j00 and Rf(£^)nj(k) = 0, as well as the 
cyclicity of the trace, we obtain 

Tr Tt j>00 U k Rf{£f) = -Trfc(k) - n jj00 )Tr jj00 U k Rf(£f). (2.24) 

Therefore, similarly to (12.231) . we have 

\£+Trn jj00 U k Rf(£+)\ < \£?\\\nj{k) - ^oollill^oo^llll^X^/)!! = °^3^f) 

(2.25) 

as k — >■ oo. Finally, by analogy with (I2.24p we have 

Tr R^E^U^k) = Tr R^E^U^k^k) - vf Ji00 ) = 

9 



7T 



+ TrRUE j )U k (n j (k)-n 



Hence, 



|£/Ri^.(^^r;(AOI < 
|^(fc)|||ife(J5 i )^i /a ||||^ il oo||||^(fc)-^ tao || 1 



+ 



1^^)111^.(^)^1111^^) -f 



j,oo||l 



o($j(/c) 2 ), fc -)■ OO, 



(2.26) 



by ( 12TT5D . (12TT6) . and the fact that |£y(A;)|, ||i^(i£j(A;))[/^ 2 ||, and ||i^(£j(A;))[4|| are 
uniformly bounded with respect to G 1. 

Putting together ( jZZZj) , (E2SD , ( BT25|> . and ( jZZBD , we obtain (EH]). □ 
Now fl2TTT]) (and, hence, (I2H)]) ) follows immediately from fl2TT6|) and f l2TT9|) . 



3 Effective Hamiltonians 

Assume that is a non-decreasing function, and f ll .3D holds true. As explained in the 
introduction, for definiteness, we will consider the case of positive perturbations, and 
respectively the asymptotic behavior as A 4- of A/^ + (A), j G N, A G (0, 2b + W_ — W + ). 
Pick j G N, A G [— oo, oo) and A > 0, and set 



Pj(A) := / Kjifydk, Vj(A) F* p j( A )F, PjA A ) ■= / *j,oo(k)dk, 

J(A,oo) J(A,oq) 

Tj(X; A) := / (£+ - Ej{k) + \)~ 1/2 TTj(k)dk, 

J(A,oo) 

T j>00 {\; A) := / (S+ - Ej{k) + \)~ 1/2 7r jtOC (k)dk. 

J(A,oo) 



'(A,oo) 

Proposition 3.1. Assume M G Lg°(IR 2 ). Then the operator MJ 7 *Tj )CO (A; A) is compact 
for any A > and A G [—oo, oo). Moreover, for any Ai,A 2 G [— oo, oo) the operator 

MF*(T ji00 (\; A,) - Tj :0O (X; A 2 )) (3.1) 

extends to a uniformly bounded and continuous operator for A > 0. 

Proof. Denote by \r the characteristic function of a disk of radius R centered at the 
origin. For A > and A G [— oo, oo) write 

MF*T j>00 (\; A) = X RMF*T jt00 (\; A) + (1 - XJi )M.FT il00 (A; A). (3.2) 

The first operator at the r.h.s of (I3.2p is Hilbert-Schmidt for any R G (0, oo), and the 
norm of the second one tends to zero as R — > oo. Hence, the operator MJF*Tj )00 {X\ A) 
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is compact. Further, the case A\ = A 2 in (13 .ip is trivial so that we suppose A\ 7^ A 2 . 
Define the value for A = of the operator in (13. ip as 

Mr ^ (5+ - E j (k))~ 1/2 ir j ^ 00 (k)dk 

J(A-,A+) 

with A_ := min{Ai,A 2 } and A + := maxjAi, A2}. Now the uniform boundedness for 
A > of the operator in (13. ip follows from the estimates 

\\Mr'(T j , 00 (X;A 1 )-T j>00 (X;A 2 ))\\ < \\M\\ Lacm sup (£+ - Ej(k))~ 1/2 , A > 0, 

ke(A-,A+] 

while the uniform continuity of this operator for A > follows from the estimates 

\\MF'((T j>00 (\ 1 ;A 1 ) -T ii00 (Ai;A 2 )) - (T ii00 (A 2 ; A x ) - T i)0O (A 2 ; A 2 )))|| < 

|Ai- A 2 |||M|Uoo (H2) sup (£/ - Ej(k))~ 2 , Xi,X 2 >0. 
ka{A^,A+] 

□ 

Let s > and T = T* be a compact operator acting in a given Hilbert space. Set 

n±(s;T) := rankP (Sj0o) (±T). 

In the case where T is linear and compact but not necessarily self-adjoint (in particular, 
T could act between two different Hilbert spaces), we will use also the notations 

n,(s;T) :=n + (s 2 ;T*T), s > 0. 

Of course, we have n„(s;T) = n^sjT*) and hence n + (s;T*T) = n + (s;TT*) for any 
s > 0. For further references we recall here the well-known Weyl inequalities 

n + (s! + s 2 ; Ti + T 2 ) < n + (si; T\) + n + (s 2 ; T 2 ) (3.3) 

where > and Tj, j = 1, 2, are linear self-adjoint operators acting in a given Hilbert 
space. In the case where T\ and T 2 are linear and compact but not necessarily self- 
adjoint, we recall also the Ky-Fan inequalities 

n*(si + s 2 ;Ti + T 2 ) < n*(si,Ti) + n*(s 2 ;T 2 ), si,s 2 >0. (3.4) 

Theorem 3.2. Assume that V G Lg°(lR 2 ;lR). Fix j G N and A G [-00,00). T/ien /or 
any e G (0, 1) we have 

n+(l + e; T ii00 (A; A) JV.TT i)0O (A; A)) + 0(1) < 

A^ + (A) < 

n + (l - e; T i>0O (A; A^KF*!},^; A)) + 0(1), A | 0. (3.5) 
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Proof. The Birman-Schwinger principle implies 

A/;+(A) = n_(l;V 1/2 (H -£+ - A)- V 1/2 ) + 0(1), A | 0. (3.6) 
Pick Ael. Applying the Weyl inequalities i \3.3L we get 

n+(l + s; V l ' 2 {£+ -H + Xy'V^V 1 / 2 ) - n_( S ; V l ' 2 {£+ -H + A) _1 (7 - P,,^ 1/2 ) < 

n+(l-a; r 1 / 2 (^- J f/ + A)- 1 P J . i V 1 / 2 )+n + ( S ; V ^(g+.^+A)-^/-^^), (3.7) 

for any s G (0,1). By V G Lg°(IR 2 ;IR) and the diamagnetic inequality, we easily find 
that 

n ± (s; V l ' 2 {£+ -H + X)-\l - V^V 1 ' 2 ) = 0(1), A | 0. (3.8) 
Further, for any r > we have 

n + (r 2 ;VV 2 (£; - H + Xy^V 1 / 2 ) = 
n+(r 2 ; V l/2 F T (£+ - Ej(k) + A)" 1 ^^)^^ 1 / 2 ) = 

J{A,oo) 

n«(r-V l / 2 rT,j(\-A)). (3.9) 
Applying the Ky-Fan inequalities (13. 4ft . we obtain 

n*(r(l + s); v rl/2 J r *T J>00 (A; A)) - n*(rs; V l/2 T*(T jj00 (X; A) - 7}(A; A))) < 

n*(r;V 1/2 F*T 3 (X;A)) < 
n*(r(l - s); ^ 1/2 J^T jtO0 {\- A)) + n*(rs; 7 1/2 J*(T i|00 (A; A) - 7)(A; i))). (3.10) 
Now note that 

W^riT^Aj-T^AMK 
\\V\\ X H m sup(£/ - E j (k)y 1/2 \\'K j (k) - n JlOB (k)\\, (3.11) 

k>A 

uniformly with respect to A > 0. By (13. lip and Theorem 12.21 we find that for each q > 
there exists A = A (q) such that A > A (q) implies 

\\V 1 / 2 r'(T jj00 (X;A)-T j (X;A))\\<q 

for each A > 0. Choosing A > A (rs) in (13 . 1 0[) we find then that 

n*(rs; V 1/2 r(T h00 (X; A) - 7} (A; A))) = (3.12) 
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for each A > 0. Next, the Ky-Fan inequalities (13. 4p imply that for any A > 0, r > 0, 
s £ (0,1) and A, A, we have 

n*(r(l + s); V 1/2 J r *T jt00 (X; A)) - n*(rs; V 1/2 J r *(T ji00 (X; A) - 7) i0O (A; A))) < 

n*(r;V 1 / 2 J c *T jt00 (\;A)) < 
n*(r(l - s); V 1/2 .n} i0O (A; A)) + n*(rs; V 1/2 T*(T j>00 (X; A) - T i)0O (A; i))). (3.13) 
By Proposition 13.11 we have 

n*(r; 7 1/2 ^(T j)00 (A; A) - T i)00 (A; i))) = 0(1), A | 0, (3.14) 

for any fixed r > 0. Finally we note that 

n*(r; V^TT^A; A)) = n + (r 2 ; T Ji00 (A; AJJV.TTj, ^(A; A)) (3.15) 

for each r > 0, A > 0. Putting together - (13~TUD . and fl3TT2|) - (13~T5|) . we obtain 

(USD- D 

Note that the operator Tj >00 (A; 74)J r yj r *Tj j00 (A; A) regarded as an operator on the 
Hilbert space Pj tOQ (A)L 2 (R 2 ), is unitarily equivalent to the operator Sj(X;A)*Sj(X;A) 
where Sj(X; A) : L 2 (A, oo) — > L 2 (R 2 ) is an operator with integral kernel 

(2n)- 1 / 2 V(x,y) 1/2 e tky i: joo (x;k)(S+-E :j (k) + X)-^ 2 , keR, (x,y)eR 2 , A > 0, 

(3.16) 

the function ipj }0 c being defined in (12. 7(1 . Therefore, 

n+(r; T ij00 (A; A)JV.FT ii00 (A; A)) = n + (r; S^A; A)*5' i (A; A)), r > 0, A > 0. (3.17) 

For (x, G T*M = M 2 and j G N set 

$? x £.j(k) = e~ ih ^ipj(x; k), keR. 

Note that for each j G N the system {&x,t;j}r x ^) S t*ir * s overcomplete with respect to the 
measure -^dxd^, i.e. for each / G L 2 (R) we have 

^ / |(/,^)| 2 ^= / |/(fc)| 2 * 

(see [1] or [261 Section 24]). For G T*R and j G N set P x ^ := (■, M>.,,.. :/ )vI/,, i:r and 

introduce the operator 

Vj = ±- [ V{x,i)P x ^dxdt 
111 Jt*r 

where the integral is understood in the weak sense. Then Vj can be interpreted as a 
^J/DO with contravariant (generalized anti-Wick symbol) V (see [I]). Moreover, we have 

Sj(X; -oo)*5 , i (A; -oo) = (5/ - + X)- l/2 V 3 (Sf - E j + A)~ 1/2 . (3.18) 
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Bearing in mind (I3.17P and (I3.18p . and applying the Birman-Schwinger principle, we 
find that (13. 5p with A = — oo and e G (0, 1) can be re-written as 

rankP (£/+A|ao) (^ + (1 + e^Vj) + 0(1) < 
A^ + (A) < 

raDkP ( ^. +Ai00) (J5j + (1 - £)" 1 V J ) + 0(1), A | 0. 

Thus, the operator Ej + Vj could be interpreted as the effective Hamiltonian which 
governs the asymptotics of A/^~ (A) as A | 0, the multiplier by Ej being its "kinetic" 
part, and the \l/DO Vj being its "potential" part. 

4 Sufficient condition for the boundedness of A/^ + (A) 

Assume that W is a bounded non- decreasing function with W- < W + . Set 

x + := inf{x G K | W(x) = W + }. (4.1) 
By the assumption W- < W + , we have x + > — oo. Set 

X := {x G E | there exists y G M such that (x, y) G ess supp V} , 
X-;=inf;t, X+:=sup;r. 

Theorem 4.1. Let W be a bounded and non- decreasing function with W- < W + and 
x + < oo. Assume that V G Lg°(M 2 ), V > 0, -oo < X' < X + < oo. Suppose in 
addition that ess sup J R V(x, y)dy < oo, and 

X + < x + . (4.2) 

Then we have 

A/; + (A) = 0(1), A |0, j GN. (4.3) 

In order to prove Theorem 14. II we need some information on the asymptotic behaviour 
as k — > oo of the function $j(fc) defined in (I2.14p which by Proposition 12.51 determines 
the asymptotics of Ej — Ej{k). Let W-,w + G M, W- < w + , xq G R. Put 

/ \ f W+ if X > In, , , ,s 

w(x) := < + ., ~ ' (4.4) 

I M7_ it X < Xq. 

Proposition 4.2. Assume that < w + . Then we have 

^■(^w) 2 = {W+ ~ W ^ P ^- 3 e^ b - 1/2k - bl/2 ^\l + o(l)), oo, (4.5) 

the number pj being defined in ( \2.8\) . 
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We omit the simple proof of the proposition, based on the standard Laplace method 
for approximate evaluation of integrals depending on a large parameter. 



Proof of Theorem 1^.1 , By the upper bound in f !3.5j) . and ( I3.17|) . it suffices to show that 

n*(r;S j (\;A)) = 0(l), A | 0, (4.6) 
for any fixed r > and A £ [— oo, oo). We have 

n*(r; Sj(\; A)) < r~ 2 Tr Sj(X; A)*Sj(X; A) = -^Zb(A) (4.7) 

where 

roc P 

2o(A) := / / (£+ - Ej(k; b, W) + A)" 1 ^^; k) 2 V{x, y)dxdydk. 
Now pick x £ (X + ,x + ) which is possible due to (}4.2j) . and set 

KK [X) \ W{x) if x < x. 1 j 

Since iy(x) < W^(x), x £ M., the mini- max principle implies 

(£+ - Ej(k;b,W) + X)- 1 < (£+ - Ej(k;b,W) + \)~\ keR, j £ N, A > 0. 
Therefore, 

X (A) < (ess sup / V{x,y)dy) X 1 {X) (4.9) 

where 

poo pX~*~ 

X 1 (X) := / / (^-^(fci^^ + A)" 1 ^^;^) 2 ^^. 

Taking into account (12. 9p . (I2.19p . and (14. 5p . and bearing in mind that the interval 
[X^,X + ] is compact, we find that for sufficiently large A > and any A > we have 

poo fX + 

li(X) <A(W+-W(x)y l max e - b (* 2 -* 2 ) / ke~ 2k{ *- x) dxdk 

xe[x-,x+] J A J x - 

POO 

<2(W+-W(x))- 1 max e^"^ / e~ 2k ^- x+) dk < oo, (4.10) 
xe[x-,x+] J A 

due to x > X + . Putting together (gTTjl - f H~TU]) . we obtain ( H~6j) . and hence, ( H~3j) . □ 
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5 Reduction to operators in holomorphic spaces 

In what follows we assume that there exist bounded domains Q± C M 2 with Lipschitz 
boundaries, and constants Cq > such that 

CoXn.(x,y) <V(x,y) < c^xn+(x,y), (x,y) G M 2 , (5.1) 

where xn± denotes the characteristic function of the domain Q±. Next, for 5 G (0, 1/2) 
introduce the intervals 

I = 145) := (5, 1 - 5), /+ = I + (5) := (0, 1 + 5). 



In what follows we will assume that the infimum x + defined in ( 14. ip satisfies x + < 00 
because in the case x + = 00 Theorem 14.11 implies (A) = 0(1) as A | 0. Since 
the operator H is invariant under magnetic translations, we will assume that x + = 
without any loss of generality. 

Let 5 G (0,1/2) and m > 0. Define the operator Tj(m) : L 2 (I-) -)■ L 2 (fi_) as the 
operator with integral kernel 

7i^ 2 me- bx2/2 e m{x+iy)k k 1/2 , k G J_, (x,y) G fi_, 

and the operator rj~(ra) : L 2 (I + ) — >• L 2 (f2 + ) as the operator with integral kernel 

7r- 1 / 2 me- fea:2/2 e m(a;+4y+,5)fc A; 1/2 , fc G /+, (x, y) G 

Remark. Introduce the set 

6(fi±) := {a G L 2 (f2-t) I uis analytic inf2±} (5.2) 

considered clS cl subspace of the Hilbert space L 2 (Q±;e- bx2 dxdy). Note that clS cl func- 
tional set B(fl±) coincides with the Bergman space over Q± (see e.g. [9] Subsection 
3.1]). Then, up to unitary equivalence, the operators Tf(m) map L 2 (I±) into i3(fi±). 

Theorem 5.1. Suppose that W is a bounded non- decreasing function with W- < W + . 
Assume that V G L^°(R 2 ; M) satisfies ( 15. ip . Then we have 

n^r- Sj(X] A)) > n,(r(l + e)yf(W+ - W_)/c^- Tj(y/b\\R\\)) + 0(1), (5.3) 

n*(r; ^(A; A)) < n*(r(l - e) y/(W+ - W(-5))/c+ e - bS2 / 2 ; r+( >/&M|)) + 0(1), (5.4) 
as A |0, for all j G N, A > 0, e G (0,1), 5 G (0,1/2) and r > 0. 



We will divide the proof of Theorem 15.11 into two propositions. 
Define the non-decreasing functions 



W -(x) 



W+ if x > 0, 
W- if x < 0, 
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W+M = Wf f) := { * * * > 0. 

Since x + = and 5 > we have 

iy -(x) < W(x) < W^(x; 5), iGl (5.5) 

Set 

w± := {i 6 I there exists j/6R such that (x, y) G fi±} . (5.6) 

Let A > 0, A G [-00,00). Fix j G N. Define Qf{X;A) : L 2 {A,oc) -> L 2 (fi±) as the 
operator with integral kernel 

(|^) V2 e *y e -P»*-irWkr/2 (g+ _ Ej{k . w ± } + A) -V2 (5 7) 

with G (A, 00), (x, y) G fl±, the number pj being defined in (12.81) . For Sj(X; A) defined 
by ( 13. 161) . we have: 

Proposition 5.2. Assume that W and V satisfy the assumptions of Theorem \5.1[ Then 
for every A > 0, r > 0, and e G (0, 1) , we have 

7i»(r(l+e); \Jc^Qj(X;A)) + 0(l) < n*(r; Sj(X; A)) < n„(r(l-e); y^<2+(A; A)) + 0(1), 

(5.8) 

as A 4, 0, fremg £/ie constants occurring in (15. ip . 

Proof. Inequalities (15. ip and ( 15.51) . combined with the mini-max principle, imply the 
estimates 

n*(r; yf%Sr(\; A)) < n*(r; Sj(X; A)) < n,(r; \Jc~^S^~(X; A)) (5.9) 
where 5- (A; A) : L 2 (A, 00) — > L 2 (f2_|-) is the operator with integral kernel 

(2 7r )-V2 e <fcw^. Qo ( z; _ wf) + A)~ 1/2 , fcel, (x,y) G Ot. 

In the case j = 1 inequality (I5.9P yields immediately ( 15. 8 p since in this case we have 
Sf(A; A) = Qf(X; A). Assume j > 2. Then we have 

i-i 

i>j,oo(x; k) = p 1 / 2 ^2 Pi,j(x)(-k) j ~ 1 ~ l e~ ( - b ~ 1/2k ~ bl/2x ^ 2/2 , xtR, keR, (5.10) 
1=0 

where Pij is a polynomial of grade less than or equal to /, and Pqj = 1. Therefore, 

j'-i 

^(A;A) = ^P ij g j ± (A;A) J B i 

2=0 
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where the operator B : L 2 (A, oo) — > L 2 (A, oo) with A > is defined by 

(Bu)(k) = k~ l u{k), k E (A, oo), m6 ,00. 
Further, for each 77 G (0, 1), the elementary inequalities 

Sr(\;AySj(\;A)> 

3-1 

(1 - rj) Qj (A; A)*Qj (A; A) - (j - ljfo" 1 - 1)^ 5><Qj(A; A)*Qj(A; (5.11) 

i=i 

S+(X;A)*S+(X;A)< 
3-1 

(1 + n)Q+(X; A)*Q+(X; A) + (j - l)^ 1 + 1)4 ^ B l Q+(X; A)*Q+(A; A)B J (5.12) 
hold for c 2 := maxi = i v ..j_i sup x6w± Pij(x) 2 . Let us consider now the quadratic forms 



Jq± J a 



dxdy 



(5.13) 

with u G C£°(A, 00), A > 0, j > 2, / = 0, . . . , j - 2. Evidently, af[u] > 0, and af[u] = 
implies u — 0. Denote by _D[a^], Z = 0, . . . , j ' — 2, the completion of Cq?(A, 00) in the 
norm generated by af. 

If we can prove now that the quadratic form a^-Jii], u G C™(A, 00), is closable in D[af], 
and the operator Af generated by the closure of a l+1 is compact in D[af], and u{Kf) is 
independent of A, then it would follow easily from ( 15.1 ip - (15. 12ft that for each e G (0, 1) 
there exist subspaces %± of C^(A, 00) such that the codimensions codim'H-i- are finite 
and independent of A, and 

\\Sj{X;A)u\\ 2 > (1 +ey 2 \\Qj{X;A)u\\ 2 , u G H-, (5.14) 

\\S+{X;A)u\\ 2 <{l-e)- 2 \\Q+{X;A)u\\\ ueH + . (5.15) 

Combining ( 15.14D - ( 15. 15ft with standard variational arguments (see. e.g. [21 Lemma 
1.13] and the proof of [21 Lemma 1.16]), we get 

n*(r; Sj{\\ A)) > n*(r(l + e); Qj(X; A)) - codimH_, (5.16) 

n*(r; S+{\; A)) < n,(r(l - e); Q+(A; A)) + codimft+. (5.17) 

Putting together fOHjl - (15371) and flO]) . we arrive at (Oil . 

Let us now prove the necessary properties of A^. Define the operators Fi by 

{Fiv){z) := f e zk k l v{k)dk, v G Cg°(R), 2 G C. 



Note that Fiv, I = 0,1, are entire functions in C, and (Fiv)(z) = a (z). Moreover, 
the operators Fi, I = 0, 1, can be extended as continuous operators from V co (W), the 
space of distributions with compact support dual to Cq°(M), into the space of functions 
entire in C. Set 

f±[v}:= I e-^KFtv^x + iy^dxdy, veC™(A,oo), 1 = 0,1. 
Jn± 

Further, for j > 2, I = 0, . . . , j — 2, and A > 0, define the operator Uj^x by 

(U± l>x u)(k) := e~ b ~ lk2 ' 2 (£f - E 3 (k- W±) + A)" 1/2 k j - l ~ 2 u(k), k G (A, oo). 
Note that the mapping U% A : C™(A, oo) — > C yo (A, oo) is bijective, and we have 

at[u]=ff[U% tX u], at +1 [u] = f±[U% jX u], ueC™(A,oc), l = 0,..., 3 -2. (5.18) 
Denote by D[f±] the closure of C °°(A 

oo) in the norm generated by the quadratic form 
f x . If we can prove now that the quadratic form f$ is closable in D\f 1 ], and the 
operator F ± generated by its closure, is compact in D[ff\, then ( 15.1 8p would imply that 
af +l is closable in D\af], I = 0, . . . , j — 2, the operator Af is compact, and its spectrum 
a(A^) is independent of A. 

Let us now prove the necessary properties of F*. Consider first D[f l + / ], the closure 
of C yo (A, oo) in the norm generated by the quadratic form + The quadratic form 
/o is bounded, and hence closable in D[ff + f^\. Denote by IP" the operator generated 
by its closure in D[f± + f^]. For v G C Q X> (A, oo) set 

w(x, y) := (F v )(x + iy), x + iy G C. 

Then we have 

f±[v]= I e- bx2 \w\ 2 dxdy, f±[ v } = 2 ! e - bx2 \Vw\ 2 dxdy. (5.19) 
Jn ± Jn ± 

Since the Q± is a bounded domain with a Lipschitz boundary, the Sobolev space H 1 (n_|-) 
is compactly embedded in L 2 (Q±). Hence, ( I5.19P implies that W* 2 is compact. 
Let us now check that WF+W < 1. Evidently, {{F^W < 1. Assume 1 1 3^="= || = 1. Since F 
is compact, this means that there exists ^ v ± G D[f^ + such that / x [v] = 0. 
Let {fn} ngN be sequence of functions G C£°(A, oo) C C^°(M) converging to v ± in 
D [fi + fo\- Set = ( F o v n)( z )- Evidently, for any n G N we have w± G B(fi±) 

(see ( 15. 2p ). Since B(Q±) is complete, there exists w ± G such that lim^oo \\w^ — 

w ± \\b(q±) = 0. Since (F 1 v^)(z) = it is not difficult to check that /i t [t' ± ] = implies 
that w is constant in Q± (see e.g. [91 Theorem 2, Exercise 1]), and hence w admits 
a unique analytic extension as a constant to C. Then the distributional Paley- Wiener 
theorem (see e.g. [HI Theorem 1.7.7]) combined with [2"5| Theorem V.ll] implies that 
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v ± is proportional to the Dirac 5-function supported at k = 0. Since supp v ± C [A, oo) 
and A > we conclude that v ± = as an element of £>'(R), / 1 ± [w ± ] + / ± [w ± ] = which 
contradicts with the hypothesis that v ± ^ as an element of D[ff + /q ]. Therefore, 
||II:|| < 1, and the quadratic form f$ is bounded, and hence closable in D[f±\. Finally, 
the operator W* 2 generated by its closure is unitarily equivalent to (/ — F ± ) _1 F ± and 
therefore is compact in D[f^]. □ 

Proposition 5.3. For every r > 0, A > 0, 5 G (0, 1/2), and s G (0, 1), we have 

n, (r; Qj(X; A)) > n,(r(l + e)y/W+ - W-,Tj(y/b\ In A|)) + 0(1), (5.20) 

n,(r; Q+(A; A)) < n*(r(l - e) v 7 ^ - ^(-5)e~ 652 / 2 ; r+(V&|M) + 0(1), (5.21) 
as A 4 0. 

Proo/. Let A > 0, A G [-00,00). Define the operators Mj(A;A) : L 2 (fi±) -> L 2 (fi ± ) 
as the operators with integral kernels 

2tt 7 a 

with (x', y') G Ofc. Evidently, Q^(A; A)Q^(A; A)* = M^(\;A). Therefore, 

n + (r; Q±(A; A)*Qf(X; A)) = n+(r; M± (A; A)), r > 0. (5.22) 

Further, we concentrate at the proof of ( 15.20p . Fix e > 0. Then by (12.191) and (14.51) . 
there exists Aq = A^(e) such that k > Aq implies 

£+ - E,(k; Wo) < (1 + e) W+ ~ W ~ PjkF-h-"- 1 " . (5.23) 

For p > and A > define M~ 2 (A, A,p) : L 2 (f2_) -)• L 2 (f2_) as the operator with 
integral kernel 

with (x, y), (x',y') G f2_. Then (I5.23P implies that for A\ = max{A, Aq} we have 

n + (r- Mr x (A; A)) > n + (r; Afr 2 (A, A 1 , Pj {l + e)(W+ - W_)/2)) . (5.25) 

Fix 5 G (0,1/2). Set A := |lnA| 1/2 , and assume that A > is small that A\ < 5VbA. 
Then, by the mini-max principle, 

n + {r-M- 2 {\A uP ))>n + {r-M- 2 {\8VbKp)), p > 0, r > 0. (5.26) 
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In the integral defining the kernel of the operator Mj 2 (X,SybA,p) (see (15.241) ). change 
the variable k = VbA(l + w) 1 / 2 with u G (—1 + 6 2 , oo). Then we see that the integral 
kernel of M~ 2 (A, 6\/bA 1 p) is equal to 



p,M 
a — e 

4:71 



2 poo 



K^)/2 / (p + ( ^ A(1 + u) l/ 2) 3-2 ie A^ ) -l e (x +a; ' +i (^))v^A(l +M ) 1 /^ n _ 



1+S 2 



Define Mj 3 (X,5, p) : L 2 (f2_) — > L 2 (f2_) as the operator with integral kernel 
Pj bA 2 ~ " /- 1+ ( 1 - 5 ) 2 



47T 



^ 2 +-' 2 )/2 / (p + (v ^ A(1 + M) l/2 ) 3-2 ie A^ ) -l e (x +a; ' + ,(^ J /'))^A(l + n)V^ M 



l+<5 2 



with (x,y), {x',y') G Evidently, the mini-max principle implies 



n 



+ (r;M- 2 (A,5v / 6A,p))>n + (r;M- 3 (A,5,p)), p > 0, r > 0, *G (0,1/2). (5.27) 



Further, define M- 4 (A, 5, p) : L 2 (f2_) — > L 2 (f2_) as the operator with integral kernel 



™ A A 2 /■- l+(l-<5)" 



47rp 



1+5 2 



with (x,y), (x',y') G fi_. By the dominated convergence theorem, 

lim||M- 3 (A,M - iV/r 4 (A,5,p)|| 2 = 

where || • || 2 denotes the Hilbert-Schmidt norm. Fix e > 0. Applying the Weyl inequalities 
and the elementary Chebyshev-type estimate 

n*(s;Mr 3 (\,8,p) -M" 4 (A,5,p)) < S - 2 ||M- 3 (A, 5,p) - M" 4 (A, 5,p)|| 2 , s > 0, 

we get 

n + {r- M" 3 (A, 5,p)) > n+(r(l + e); M" 4 (A, 5,p)) + 0(1), A | 0. (5.29) 

In the integral defining the kernel of the operator M~ 4 (A, 8, 1) (see (15.281) ). change the 
variable (1 + w) 1 / 2 = k with k G (6,1 — 6). Then we see that the integral kernel of 
M~ 4 (A, 6, 1) equals 

^e"^ 2+I ' 2 )/ 2 I'' 6 e^ +x ' +i ^-y'^ bAk kdk, (x,y), (x',y') G 
2vrp y 5 

Therefore 

Mr 4 (A,5,p) = grj( > /6fM)rj( > /6|M)*- (5-30) 

Combining now fl5^5|) . (IQ6|) . fl5T27j) . (1Q9]) . and flCTj) . we obtain fl5^0l) . 

Let us now prove (I5.2ip . The proof is quite similar to that of (I5.20p . so that we omit 
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certain details. Set v\ — and Uj — 1 if j G N, j > 2. Pick e G (0, 1). Then there exists 
Aq = Aq (e) such that k > Aq implies 

£+ - EAk- W+) > (1 - e) W+ ~ W{ ~ S) pAk + v )V-* e -<!r*W*s? . (5.31) 

For p > and A > define M+ 2 (\,A,p) : L 2 (fi+) -)• L 2 (Vt + ) as the operator with 
integral kernel 

2tt J a 
with (x,y), (x',y') G f2+. Therefore, similarly to (I5.25p . we have 

n + (r- M+(A; A))<n + (r; M+ 2 (A, A, (1 - ^e^ 2 (W+ - W{-$))/2)) (5.33) 

for Ai = max{/l, Aq}. Moreover, it is easy to check that 

n + (r; M+ 2 (A, A,p)) = n + (r; M+ 2 (A, 0,p)) + 0(1), A | 0, (5.34) 

for any A > 0, p > 0. In the integral defining the kernel of the operator M J + 2 (A,0,p) 
(see (I5.32p ). change the variable k = VbA(l + W) 1 / 2 with u G (—1, oo). Then we see that 
the integral kernel of M+ 2 (A, 0,p) is equal to 

PjbA 2 c _ b(x 2 +x ,2 )/2 

47T 

(p + (VbA(l + uf' 2 + ^)3-2 Je A^+2^A(l +M )V 2) -l e (,W+ 4 (y-y')+2<5)v^A(l + «)V 2du _ 

Define now M^ 3 (X,8,p) : L 2 (Q + ) — > L 2 (Q + ), as the operator with integral kernel 

PjbA 2 b ( x 2 +x >2)/ 2 



47T 

-l+(l+<5) 2 

1 



(p + (>/&A(l + n) 1 / 2 + ^.)3-2i e A 2 «+25VFA(l+«)V 2) -l e ( a;+a; ' +i ( 2/ - y + 25)V6A(H-«)V 2cZu 

with (x,y), (x',y') G By the dominated convergence theorem, 

lim||M+(A,5,p)-Af+ 3 (A,5,p)|| 2 = 0. 

A4.U 

Therefore, similarly to (I5.29p . we obtain 

+ (r; M+(A, < n + (r(l - e); M+ (A, + 0(1), A | 0, (5.35) 
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for any r > 0, e G (0, 1), 5 > 0, p > 0. Next, define M+ 4 {X,5,p) : L 2 {tt+) -> L 2 (fi+), 
<5 > 0, as the operator with integral kernel 

r 1+{1+5)2 eixW+i(y - y , )+2S)V - bAil+u y/> ( } (a , , } G 

Evidently, the mini-max principle implies 

n + (r; M+ 3 (A, 5,p)) < n + (r; M+ 4 (A, 5,p)), r > 0. (5.36) 
Finally, by analogy with (I5.30p . we get 

m+ a {\Ap) = |r+( v ^ln^)r+( v ^M)*. (5.37) 



Putting together and (15331 - (15371) . we arrive at (I53UD . 

Now, the combination of ([Ell) and (HI - fICT]) yields Q - (P - 



□ 



6 Asymptotic bounds of J\f^(X) as A | 

In what follows we identify when appropriate R 2 with C writing z = x + G C for 
(x, G R 2 . Moreover, we denote by dfi(z) = dxdy the Lebesgue measure on R 2 . 
Further, we assume as before that x + = 0, that V satisfies (15. ip with some constants 
Cq > and some bounded domains Q± C R 2 with Lipschitz boundaries, and that 

f]{z G C\Rez > 0} ^0. (6.1) 

We will show that under these assumptions the functions A/^ + (A) satisfy the asymptotic 
estimates (I1.5P and (II. 6p with some explicit constants C± > 0. In order to define these 
constants we need the following notations. Let Q C R 2 be a bounded domain. Set 

A'_(fi) := {(p,q) G R 2 \p < q,3x G R such that (x, p + t(q - p)) G fi, Vt G (0, 1) } , 

c_(f2) := sup (g — p). 

In other words, c_(fi) is just the maximal length of the vertical segments contained in 
Q. Next, for s G [0, oo) put 

x(s) := |{t > \t\nt < s}\ 

where | • | denotes the Lebesgue measure of a Borel set in R. Let -Br(C) C R 2 be the 
open disk of radius R > centered at £ G C. Set 

K+(n) := G R x (0,oo) | 3 77 G R such that ncBjj(( + !)))}, 
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c+(fi) : 



inf 

(£,R)eK + (Sl) 




) 



where := max{£,0}. Evidently, 




(6.2) 



Finally, put 



Q ± ■= [ z G VL± I Re z > 0}. 



Note that (16. ip implies Cl± ^ 0. Occasionally, we will also use the notation 

Cl+(5) := {z G tt + | Re z > -25} 

for 5 > so that fi+(0) = 

Theorem 6.1. Suppose that W is a bounded non- decreasing function with < W + , 
and x + = 0. Assume that V satisfies ( 15. ip . and (16. ip /io/ds true. Then asymptotic 
relation ( II. 5p is satisfied with C_ := (27t) -1 a/6c_(£7_) w/aZe asymptotic relation ( II. 6p 
/io/ds irue wi/i C+ := e\/6c + (fi + ). in particular, 

lnjV/(A) l 
lim - Vr = - J'e N. 
A^o In |lnA| 2 

Remark. Under the hypotheses of Theorem 16.11 we have C_ < C + due to (16. 2p . 
Ct_ C and 1/rc < e. 

The proof of (II. 5p is contained in Subsection 16.11 and the proof of (11.61) can be found 
in Subsection 16.21 

6.1 Lower bound of 7V + (A) 

In this subsection we prove (II. 5p . Taking into account Theorem l3.2| ( I3.17P and Theorem 
15. 1| we find that it suffices to show that for any r > independent of A > 0, we have 



Let 11 C I 2 be a bounded domain, and X C (0, oo) be a bounded open non-empty 
interval. For m > and 6 > define the operator Q m! $(Q,X) : L 2 (T) L 2 (T) as the 
operator with integral kernel 



lim lim inf | \n\\- l/2 n + {r- T~ 5 {^b\ In A|)Tj( y/b\ In A|)) > C_. 



(6.3) 




(6.4) 



Set 



e_ := 



inf e 



e + := sup e 



-bx 2 



(6.5) 
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the numbers u± being defined in (I5.6p . Then we have 

rj(m)*rj(m) > e_^ mi o(^-,I_(5)), m > 0. (6.6) 

Further, let 1Z C f2_ C f2_be an open non-empty rectangle whose sides are parallel to 
the coordinate axes. Since a translation z H- z + it], rj G M, in the integral in (16. 4 p 
generates a unitary transformation of the operator Q mtQ (Jl_, I-(8)) into an operator 
unitarily equivalent to it, we assume without any loss of generality that 1Z = (a, (3) x 
(-L, L) with < a < (3 < oo and L G (0, oo). Evidently, 

g mfi (n_,i_(8))>g mfi (ii,i-(8)), m>o. (6.7) 

For 7] G R and 5 G (0, 1/2) define the operator G~ 4 (m) : L 2 (/_(£)) ->■ L 2 (/_(£)) as the 
integral operator with kernel 



e vm 



(k+k , ) sin(m(k-k'))2VW , 

n(k-k>) k + k'' fc ' fceJ -W" 



Then 

g m>0 (KJ-(8)) = Gl s {mL) - G~ s {mL). (6.8) 
Define the operator gx(m) : L 2 (X) -+ L 2 (X), m > 0, as the operator with integral kernel 

sin (m(/c — fc')) 2^/kk' . 
n (k-k') k + k'' ' G 

Evidently, gi(m) = gx{fn)* > is a trace-class operator. Simple variational arguments 
yield 

n + (r; G^(m) - G'/m)) > n + (r(l - e^-flftn)-!. G£,(m)) > 
n4re-^ Sm (l-e 2 ^ Sm )-\ gi _ {s) (m)), r > 0, 8 G (0, 1/2). (6.9) 

Combining (16. 6 p - (16. 9p . we find that under the hypotheses of Theorem 16.11 for each 
8 G (0, 1/2) we have 

n + (r;rj(myrj(m)) > n + (re-^ 5m (e^l - e 2 ^ 6 ™))- 1 ; gi _ {5) (mL)). (6.10) 
In order to complete the proof of ( 16 .31) . we need the following 
Proposition 6.2. For all I G N we /icwe 

lim m _1 Tr gxivriy = — . (6-H) 

m— >oo 7T 
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Proof. Let 1 = 1. Then, Tr <7x(m) = Let now / > 2. Set 

sin mfc 

0m(«) := ; — k El. 

ixk 

Denote by \x the characteristic function of the interval X. Then we have 

Tr g x (m) 1 = 

<f>m(h - k 2 )(j) m (k 2 - k 3 ) . . .(f) m (kl-i - h)<j>m{h ~ h)x 

/, , , w, — , rv^—rP i / u, i / \ Xz(fci) • • • xx(h)dki . . . dk t . 

[h + k 2 )(k 2 + h)... [ki-i + ki)[ki + ki) 
Changing the variables k\ = ti, kj = t\ + m~Hj, j = 2, ...,/, we get 

Tr g x {m) 1 = 



m ... (M-t 2 )<M*2 - *3) ■ • • <M*Z-1 - *2)<M*i) x 

Jr Jr 

2 l hjh + m-%) . . . (h + m-Hj) 

(2ti + m~ 1 t 2 )(2t 1 + m-^h + t 3 )) . . . (2ti + m^ 1 ^ + t,))(2t 1 + m" 1 ^) X 

+ m -1 ^) . . . xx(h + m~Hi)dti . . . dt t . 

Applying the dominated convergence theorem, we get 

lim m^Tr g x (m) 1 = \1\ f ... [ 0i(-t 2 )0i(t 2 - h) ■ ■ ■ M*i-i ~ *i)0i(*i)^2 • • • dt t . 
m ^°° Jr Jr 

(6.12) 

Further, we have 



Mt) = 7r I e^x ( -i,i)(0^, tel. 

Z7r Jr 



Therefore, 



<M-t 2 )0i(t 2 -h)... Mti-i - u)Mti)dt 2 ...dti = — [ x(-i,i)(0'^ = -■ 

^ Jr tt 
(6.13) 

Putting together fl6U2|) and (RTTSj) . we obtain flBTTT]) . □ 
The Kac-Murdock-Szego theorem (see e.g. [12], [8] or [21]) now implies the following 
Corollary 6.3. We have 

lim m _1 ?7, + (s; g%{m)) = i * S ^ ^' ^' (6.14) 

m— >oo I (J II S > 1. 
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Now we are in position to prove (I6.3p . Fix arbitrary s G (0, 1). Assume that m is so 
large that re" 2/3,5m (e_(l - ^M*"))-! < s . Then flQty implies 

ra+(r;I7(m)Tj(m)) > n + (s;gj_ (i) (ml)). (6.15) 

Putting together (I6.14p and (I6.15p . we find that the asymptotic estimate 

liminf |lnA|- 1/2 n+(r ; r7( v /pi^)T5( v ^hiAT)) > ^(1-25) 
HO it 

holds for every 5 G (0, 1/2). Letting 5^0, and optimizing with respect to L we obtain 
6.2 Upper bound of jV J +( A) 

In this subsection we prove (II. 6p . By analogy with ( I6.3p . it suffices to show that for any 
r > independent of A > 0, we have 

limlimsup | lnA|- 1/2 n + (r; T+(y/b\ \n*\)T$(y/b\ In A|)) < C+. (6.16) 

Evidently, 

r+(m)T+(m) < e + S m , 5 (ft + ; /+(*)), m > 0, (6.17) 

the integral kernel of the operator Q m ^{VL + ]X) being defined in (I6.4p . and the number 
e + being defined in ( 16. 5p . Since we have Gm,s(^+ \ !+($)) > and 

rl+S r 

lim Tr g m s {fl + \ fi+(£); I + {5)) = vr" 1 lim m 2 / / e 2m{ - Kez+s)k d^{z)kdk = 0, 

" wo ° m ^°° Jo Jn + \n+(6) 

we easily find that the Weyl inequalities entail 

n+(r; /+(£))) < n+{r(l - e); ^ m , 5 (fi + (5); /+(£))) + 0(1), m -> oo, (6.18) 

for each r > and e G (0,1). Further, pick an open disk -Br(C) C M 2 such that 
f2+(5) C B R (Q. Evidently, 

n + (r; /+(£))) < n + (r; ^(^(0; !+(<*))), r > 0. (6.19) 

Next, put h = h(5) := (0,(1 + 5)" 1 ), and define G|(m) : L 2 (J,) -> L 2 (J,) as the 
operator with integral kernel 

7r- 1 m 2 e 2m(?+<5) + / e m ^ fc+w ^(z), k,k' e h(5). 
Jb r (o) 
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Changing the variable z H- z + ( in the integral defining the kernel of Gm,,8(Bji(Q; I +(6)) 
(see (I6.4p ). and after that changing the variable k h-> (1 + 5) 2 k in i*(5), we find that the 
mini-max principle implies 

n + (r; GmAMCY, /+(<*))) < n+(r; G+((l + 5) 2 m)), r > 0, (6.20) 

with £ = Re£. Further, a simple explicit calculation yields 

(m 2 R 2 kk'Y 



)'(<,+ !) 



Therefore, the quadratic form of the operator G~$(m) can be written as 



(G^X «W, = e 2 ™ K+i >+ £ (6.21) 



9=0 

where 



/ k q u(k)dk, uEL 2 (h(5)), qeZ+. 

Jh(S) 

Let {p q (fc)} ge z + be the system of polynomials orthonormal in L 2 (/*(£)), obtained by the 
Gram-Schmidt procedure from {k q } q£ i + , k G I*(5). Then, 

<? 

k q = Y, 9 iXPi(k), keh(5), qeZ + , 

1=0 

with appropriate 9 q j; in what follows we set 9 q j = for I > q. Put 
u q — I p q (k)u(k)dk, u G L 2 (I*(5)), q G Z+. 

Then we have 

oo 

u» = XX lU »> <?eZ + , (6.22) 



Q 

1=0 



and 

oo 

Nlia(/.(*)) = X) W 2 - ( 6 - 23 ) 

Further, it is easy to check that 



OO OO OO „ OO /., , c-\_97_1 

(1 +0) M 1 

: 21 + 1 



EE^ = E / ***=E 1 

g=0 «=0 Z=0 >// *(' 5 ) /=o 
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Therefore, the operator G : / 2 (Z + ) — > / 2 (Z + ) defined by 

oo 

(6u), = ^ ®q,l U h U = {Ui}i ez+ , 



1=0 



is a Hilbert-Schmidt, and hence bounded operator. Let y(m) : / 2 (Z + ) — > / 2 (Z + ) be the 
diagonal operator with diagonal entries 



D 2m(C+5) H 



[mR) 



2q+2 



-, q e Z H 



(g!) 2 (g+l) 
Now fl6\2T|) - flfTMj) imply 

n+(s; Gj(m)) = n+(s; 6*7(771)6), s > 0. 

Evidently, 

n + (s; 6*7(m)6) < n + (s; ||6|| 2 7(m)), s > 0. 
On the other hand, for any s > we have 

e m(e+<5)+ ( m _R)9+l 



s > 0. 



n+(s;7(m)) = # jg £ Z + 

Applying the Stirling formula 

g! = (2 7 r) 1 / 2 (g + l) 9+1 (g + lJ-VV'-^l + o(l)), g 00 
we find that for each e £ (0, 1) there exists go £ Z + such that 

e m ^ +s )+(mR) q+l 



(6.24) 

(6.25) 
(6.26) 

(6.27) 



# g £ Z H 



gl^gTI 



# 4 g £ Z H 



ei? ei?m \eRm J 



eRm 



go- 



(6.28) 



Passing from Darboux sums to Riemann integrals, we find that for each constant c £ 
we have 

r -141! c y (£ + £)+ g + 1 /g + l\ c\ 

hm m # ^ g £ Z+ — > — — In — — + — \ = 

m^co [ eR eRm \eRm j m J 



(6.29) 



Putting together flBTTTj) - fl6T20j) and fl6T25|) - f l6T29|) . we get 

limsup|lnA|" 1/ V(r ; r+( v ^ln^)T+( v ^hiAT)) < (1 + S) 2 VbeRx ( ^ + ^ + ) 

xio V e & J 
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for any 5 > 0. Letting 5 I and optimizing with respect to £ and R, we obtain (I6.16p . 
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